We study the coherent excitations of a composite fermion operator fiσ(−1) n iσ , where fiσ is the fermion operator for interacting electrons and niσ is the number operator of electrons with the opposite spin. In the two-impurity Anderson model, we show that the excitation of this composite fermion has a finite spectral weight near the Fermi energy in the regime dominated by inter-site spin exchange coupling where the Kondo fixed point is prevented. From scattering off this coherent composite fermion mode, the excitation of the regular fermion fiσ develops a pseudogap and its selfenergy is singular. Conversely, when the regular fermion develops Kondo resonance in the Kondo resonance regime, the excitation of the composite fermion develops a pseudogap instead. We argue that the composite fermion could develop a Fermi surface but "hidden" from charge excitations in lattice generalizations.
In strongly correlated electron materials, the Coulomb interaction is often larger than the kinetic energy, leading to localization of electrons, or a Mott insulator. It has been argued that being in the vicinity of a Mott metal-insulator transition is responsible for many emergent phenomena, such as magnetic quantum phase transitions and superconductivity in heavy fermion systems, 1 iron-based superconductors, [2] [3] [4] and cuprate superconductors. 5 Studies from the dynamical mean-field theory (DMFT) and its extensions provide insights into the Mott transition from the Kondo dynamics in the Anderson impurity (cluster) model as mapped from the lattice model. 6 A metallic state with non-interacting electron behavior, is associated with the strong-coupling Kondo fixed point: hopping processes involving double occupancy at one lattice site are allowed through the formation of Kondo singlets. When the Kondo fixed point is prevented at low energies (also dubbed as "Kondobreakdown"), the electrons are therefore localized to form an insulator. However, in the original single-site DMFT implementation of the Hubbard model, the paramagnetic insulator solution carries an extensive entropy from unscreened local moments, and the single-particle excitation has a sharp excitation gap between lower and upper Hubbard bands. When inter-site coupling is incorporated, e.g., in cluster DMFT calculations, the unscreened local moments can reduce entropy by forming intersite spin singlets. A pseudogap-type of spectrum, with finite single-particle excitations between the lower and upper Hubbard bands but suppressed near the Fermi energy, is typically identified.
5 Furthermore, it has been shown that the pseudogap is associated with singularities in self-energies of interacting electrons. 7 These singularities could form a Luttinger surface where the Green's function G changes sign by G → 0, in contrast with the regular Fermi surface where G changes sign by G → ±∞.
In this paper, we study an origin of the singularity in self-energies (and a pseudogap state) associated with the emergent coherent fermionic excitations in terms of a composite fermion operatorf iσ = f iσ (−1) niσ , where f iσ is the regular fermion operator for an interacting electron at a given site i with spin σ, and n iσ is the number operator of electrons with the opposite spin. As we show, to introduce this composite fermion is necessary for interacting electrons, as the single-particle excitations behave differently when the lattice site is already singleoccupied or vacant, which can be characterized by two operators d iσ ≡ f iσ n iσ and e iσ ≡ f iσ (1 − n iσ ).
8 While f iσ is the "bonding" combination of these two types of excitations, e iσ + d iσ , the "anti-bonding" counterpart, e iσ − d iσ = f iσ (1 − 2n iσ ) = f iσ (−1) niσ , isf iσ . It can be easily checked thatf iσ is a canonical fermion operator, satisfying the anticommutation rule [f iσ ,f † jσ ′ ] + = δ ij δ σσ ′ , and is orthogonal to f iσ in the single-occupancy limit, [f iσ ,f † iσ ] + = 1 − 2n iσ = 0. We examine the spectral function of this composite fermion operator in the two-impurity Anderson model, 9 which is solved exactly by the numerical renormalization group (NRG) method. [10] [11] [12] This model is not only relevant to the setting of double quantum dots connected to metallic leads, but also can be mapped from a lattice model, such as the Hubbard model or periodical Anderson lattice model, with a two-site cluster DMFT approach. It captures the "Kondo-breakdown" physics of lattice systems due to the competition between local quantum fluctuations such as Kondo dynamics, and short-range spatial fluctuations, such as the inter-site spin or change correlations. With the advantages of the NRG method in its low-energy resolution and its dealing with real frequencies directly, we obtain also an accurate form for self-energies over the entire energy range for a model with both local and nonlocal interactions. We show that the self-energy for Anderson orbitals becomes singular (with a pole) near the Fermi energy in the regime dominated by the intersite spin exchange interaction [Ruderman-Kittel-KasuyaYosida (RKKY) interaction] where the Kondo fixed point is prevented. We further discover that instead of exhibiting unscreened local moments behavior, the Anderson orbitals develop a collective excitation mode in terms of the composite fermionf iσ . Specifically, we find that in the Kondo resonance regime dominated by onsite Kondo coupling, with a Kondo resonance peak in f iσ , the spectral functions off iσ have a pseudogap; in the regime dominated by RKKY interaction, where there is a pseudogap in excitations of f iσ , the excitations off iσ have a "resonance"-type spectrum. We argue thatf iσ , as a canonical fermion, could develop a Fermi surface but "hidden" from charge excitations. The scattering off this composite fermion excitation mode leads to a pseudogap (or singularity in self-energy) of f iσ .
The rest of the paper is organized as follows. In Sec. II, we introduce the two-impurity Anderson model, as an example system showing "Kondo-breakdown" effect due to the competition between onsite Kondo dynamics and intersite RKKY interaction, and describe the NRG method we adopt to solve this model. In Sec. III, we show the results of the self-energy of Anderson orbitals in both the Kondo and RKKY-dominated regimes. In particular, we show that the self-energy develops a singularity (a pole structure) near the Fermi energy in the RKKYdominated regime. In Sec. IV, we study the properties of the composite fermion operatorf iσ and show that the singularity is associated with a coherent excitation mode of the composite fermion. In Sec. V, we attempt to explain the physical mechanism for the composite fermion excitations. A summary is provided in Sec. VI. More discussions are presented in the Appendixes, including the composite fermion excitations in particle-hole asymmetric cases, and the relation between composite fermion excitations and the Cooper pair excitations.
II. MODEL AND METHODS
We consider the two-impurity Anderson model, the Hamiltonian of which can be written as
where f iσ (i = 1, 2) are two Anderson obitals with onsite Coulomb repulsion U and the energy level ǫ f . They hybridize at each site with non-interacting electrons c kσ which form a band with dispersion ǫ k . Here, V k is the hybridization strength and µ is the chemical potential. N L is the lattice size of the conduction electron. In cluster-DMFT approaches to the Anderson lattice model or one-band Hubbard model, f iσ are chosen from neighboring sites in bipartite sublattices with c kσ describing an effective fluctuating bath. In terms of the even (e) or odd (o) parity combinations of the local orbitals,
, is to be determined by a self-consistent procedure. In this mapping, the even and odd parity states correspond to the momentum points Γ = (0, 0, . . .) and M = (π, π, . . .) for a d-dimension hypercubic lattice, respectively.
In the local moment limit, ǫ f ≪ µ and ǫ f + U ≫ µ, it is suggested that the zero and double occupancy configurations of Anderson orbitals can be projected out and the low-energy excitations can be described in terms of spin interactions
Here, the Kondo coupling J K ∼ V 2 /U couples the spins of the Anderson orbitals (S i ) and conduction electrons (s i ) at each impurity site. The RKKY coupling I 0 is the intersite spin-exchange coupling between Anderson orbitals, which can be perturbatively generated
where D is the bath electron bandwidth and is set as the energy unit (D = 1).
We adopt the NRG method to solve the two-impurity Anderson model. The calculation details can be found in Ref. 9 . In particular, we calculate various zerotemperature dynamical quantities, G ab ≡ a; b † , where a and b are electron operators. In NRG, the imaginary parts of dynamical quantities are directly calculated with the Lehmann representation (see Appendix A for more details). The real parts can be determined subsequently from the Kramers-Kronig relation. We choose a, b to be d pσ or e pσ to examine their individual behaviors. This not only enables us to determine the Green's functions of the regular and composite fermions: G f f (Gff ) = (G ee + G dd ) ± 2G de (it is found that G ed = G de ), but also provides a direct calculation for the self-energy of Anderson orbitals Σ pσ (ω). The latter can be obtained from the equation of motion,
where H f,int = i U n f i↑ n f i↓ , 14 and Gf f (ω) = G ee − G dd .
III. SINGLULARITY IN SELF-ENERGIES
We start from a presumed form of the bath spectrum, Γ e,o (ω) = −Im∆(ω) = Γ 0 for |ω| ≤ D. This case has been studied earlier in Refs. 15 and 9. We follow the same numerical procedure and adopt the same parameters Γ 0 = 0.045π, U = −2ǫ f = 2, and µ = 0 as in Ref. 9 [as Case (i)]. As the generated RKKY interaction vanishes for this spectrum, we add an explicit intersite spin exchange term IS 1 · S 2 to simulate the RKKY interaction effect. This model exhibits a continuous transition from a Kondo resonance state to an inter-impurity singlet state with the tuning of the ratio of I/T 0 K . 9, 13, 15 It is found that for I < I c ≈ 2.3T In Fig. 1 , we show the results of self-energies for different values of I [see also Fig. 3 for A f (ω)]. Here, the symmetry between even and odd channels is preserved, G eσ = G oσ . Therefore, in the site basis, G (11) ,σ = G (22) ,σ = G eσ while G (12) ,σ = 0. In the Kondo reso- 2 at low energies, while Z → 0 approaching the QCP. In the RKKY dominated regime (I > I c ), where a pseudogap form for the singleparticle spectra is identified, we find ReΣ pσ (ω) = Z ′ /ω with Z ′ → 0 approaching the QCP, i.e., the self-energy has a pole at the Fermi energy.
17 Apparently, the development of a pseudogap is associated with this singularity in the self-energy, as both ReG f f,pσ (ω) and ImG f f,pσ (ω) vanish.
In Fig. 2 , we further show the self-energies for the case with the bath spectrum determined from a realistic three-dimensional (3D) tight-binding dispersion for conduction electrons. Here, it is found that Γ e,o (ω) have the form Γ 0 (1 ∓ ω) at low energies, and a finite antiferromagnetic RKKY interaction is perturbatively generated
9 Therefore, we turn off the explicit spin exchange term IS 1 · S 2 , and simply change the value of the hybridization constant V = V k (with U fixed) to tune the relative strength between I 0 and T 0 K . The results in Fig. 2 are for U = 2, ǫ f = −0.5, and µ = −0.2. Due to the lifting of the symmetry between even and odd parity channels, there is no sharp transition in this case. Instead, the system changes smoothly from a Kondo resonance state to an inter-impurity singlet state, with finite and almost vanishing single-particle spectral weights near the Fermi energy, respectively. We also identify the singularity in the self-energy of f electrons in a certain range of the RKKY-dominated regime. In this case, the singularity (as a pole) only exists in the even parity channel and its position is shifted slightly away from the Fermi energy. 
IV. COMPOSITE FERMION EXCITATIONS
, Gee (green), and G de (blue). This is in correspondence to the case in Fig. 1 for two values of I = 0.002 (a) and I = 0.003 (b), as representatives of the Kondo resonance regime and the RKKY-dominated regime, respectively. The Green's functions for different parity (p) and spin (σ) channels are the same in this specific case. −Im dpσ, e † pσ is negative in the energy range |ω| > U/2, and additionally near ω = 0 for I = 0.003 (not shown due to the log plot).
From Eq. (3), the emergence of a pole in the self-energy takes place when G f f,pσ (ω) vanishes while Gf f,pσ (ω) is finite. A pole in self-energies implies the existence of another coherent excitation mode which f pσ is hybridized with. To seek this extra excitation mode, we examine the individual properties of composite fermion operators d pσ and e pσ . In Fig. 3 , we show the properties of these composite fermions as well as their hybridizations for the case in Fig. 1 . In the Kondo resonance regime (I = 0.002), the excitations of composite fermions d pσ and e pσ are coherently hybridized in the form of the original fermion operator f pσ . It is found that for each parity and spin channel, ImG de ≈ ImG dd ≈ ImG ee = ImG f f /4 at ω = 0. Together with both vanishing ReG de and ReG dd , this implies that the hybridization between d pσ and e pσ is the coherent part of the single-electron excitation f pσ at the Fermi energy. This is consistent with the non-interacting nature of the strong-coupling fixed point, where J K → ∞ is equivalent to U → 0. Interestingly, their "anti-bonding" partf pσ = e pσ − d pσ has a pseudogap form, Af (ω) = −ImGff (ω) ∼ ω 2 . In the RKKY dominated regime (I = 0.003), where G f f (ω) has a pseudogap, A f ∼ ω 2 , we find that Af (ω) is finite near the Fermi energy. The latter resembles a "Kondo resonance". In this case, we find that ImG de has an opposite sign than ImG dd , in contrast to the Kondo resonance regime. In addition, ReG dd (0) and ReG ee (0) take finite values of the order of ∓1/U . Specifically, the relative sign between the matrix elements n|e † eσ |G and n|d † eσ |G between the ground state (G) and an excited state (n) is different in two regimes: they have the same sign in the Kondo resonance regime, but have an opposite sign in the RKKY dominated regime. As
the constructive/destructive interference behavior between e pσ and d pσ excitations leads to the resonancepseudogap "dual" relationship in two regimes. We show further details and results in Appendix A. Similar features can also be identified in a realistic band model, as shown in Fig. 2 . However, in cases where the particle-hole symmetry is broken (away from singleoccupancy), we find that the resonance-pseudogap "duality" between f pσ andf pσ is captured instead by the new operators (g pσ ,ḡ pσ ) = αe pσ ± βd pσ with α/β = 1 determined from the occupancy number (see Appendix B). Here, f pσ andf pσ , as projections from g pσ andḡ pσ , could both have finite spectral weight. But, the sign change in ImG de is a robust feature in the transition (or crossover) point (see Appendix B).
V. DISCUSSIONS
The above results show that the excitations of d pσ and e pσ are no longer equivalent in presence of Coulomb interaction. In other words, if we try to formulate a quasiparticle model from f pσ , it is necessary to incorporate its orthogonal modef pσ , as [f pσ , f † pσ ] + = 0 in the singleoccupancy limit. The form of Σ pσ [cf. Eq. (3)] also implies that an effective hybridization withf pσ provides a full account of the interaction effects. Indeed, we find the above results can be schematically explained by an effective hybridization model:
in the basis (f pσ ,f pσ ), where G
However, due to the compositeoperator nature off , it is not straightforward to determineG −1 0 . We can learn instead its behavior from Σ f f = (U/2) 2G 0 [i.e., Σ pσ − U/2 defined in Eq. (3)]. In the Kondo resonance regime,G 0 ∼ Σ f f ∼ aω − ibω 2 . This is in a form of incoherent fermion excitations devoid of any poles near the Fermi energy. "Hybridizations" with these excitations provide Fermi-liquid-type corrections to the the regular fermion excitations f pσ . In the RKKY dominated regime,G 0 ∼ 1/(cω + i0 + ), which is a form of a coherent free particle. "Hybridization" with such a mode produces the pseudogap spectra for The emergence of the free-particle form of the composite fermionG 0 ∼ 1/(ω + i0 + ), as well as the property ReG ee (0), ReG dd (0) ∼ ±1/U in the RKKY dominated regime, are reminiscent of those in the atomic limit, where, for ǫ f = −U/2,
The two poles in the Green's function ∓U/2 correspond to the "fractionalized" excitations of e and d operators, respectively. This could also be effectively treated as a "hybridization" effect between f andf , where
We argue in the following that, the coupling between f electrons with a conduction electron band can lead to a finite spectral weight forf while f keeps a pseudogap form if the Kondo fixed point is prevented.
NRG studies show that the RKKY dominated regime and the Kondo resonance regime have similar low-energy properties.
9,13,15 Both of them belong to (local) Fermiliquid fixed points, and the low-energy excitations such as spin and charge susceptibilities of Anderson orbitals show Fermi-liquid behaviors. 9, 15 This can also be evidenced from the same structure of the low-energy effective Hamiltonian, from which Landau parameters are deduced.
13 They differ by a scattering phase shift, 0 or π/2, or effective electron numbers (modes) in the ground state, which leads to distinct single-particle excitations of Anderson orbitals. Specifically, NRG formulates the noninteracting conduction electron band as a semi-infinite chain of electron modes with nearest-neighbor hopping,
10-12
The hybridization between an Anderson orbital f σ and the conduction electron band can be treated as adding a site to the chain,
where f −1,σ ≡ f σ , and f 0σ is the conduction electron operator at the impurity site. The Coulomb interaction term, as the "hybridization" between f andf , from Eq. (6), can be treated as adding another site to the chain,
where f −2,σ ≡f σ . If H c alone is diagonalized by the NRG iterative procedure, it is found that the spectra at even and odd iterations are distinct, corresponding to two FL fixed points with odd and even number of electrons (modes) in the ground state. 11 When Anderson orbitals are added, it is found that in the Kondo resonance regime, the NRG spectra at a large even/odd iteration are the same as those at an odd/even iteration for H c . This can be understood as that, while the Kondo strongcoupling fixed point is reached, J K,eff → ∞ or U eff → 0, f −2,σ is decoupled and f −1,σ is added to the chain as a non-interaction electron mode. Here, we obtain a resonance form for f −1 as the Kondo resonance, but a pseudogap form for f 0 . The resonance weight at the Fermi energy takes the form 1/Γ 0 ∼ (D/V ) 2 /D, where D and V are the hopping matrix elements for f † 0 f 1 and f † −1 f 0 , respectively. In the RKKY dominated regime, however, the spectra at a large even/odd iteration remain the same as those at an even/odd iteration for H c . As the Kondo strong-coupling fixed point is prevented, or U eff remains finite, f −2 is also effectively coupled to the chain, contributing an extra mode to the chain. In analogy to the Kondo resonance regime, we expect f −2 , now as the head site, to develop a resonance form in spectral function while the excitations of f −1 have a pseudogap. The resonance weight for f −2 would follow 1/Γ
2 /D, where V and U are the hopping matrix elements for f † −1 f 0 and f † −2 f −1 , respectively. This is indeed in agreement with the numerical results onf . Here, f −2 , taking the place of f −1 as the low-energy "quasiparticle" excitations, contributes to various FL properties.
We further notice that the chain modes f nσ in Eq. (8) are constructed in alternative "bonding" and "antibonding" combinations of negative and positive energy modes, similar to the definition f −1σ (f −2σ ) = e σ ± d σ [cf. Eq.(6)]: (11) where a mσ and b mσ are the conduction electron modes (s-wave part) in the negative and positive energy grids
is a discretization parameter), and
If we treat the energy ǫ in Eq. (12) as momentum k − k F in 1-D, we realize that different combinations a mσ ± b mσ are related to different parity combinations of two chiral modes ψ L,R (x) ∼ e ±i(k−kF )x c k dk. 18 This may imply that the composite fermion operatorf iσ corresponds to a different parity combination of certain chiral degrees of freedom than regular fermion operators. These two types of excitations only couple if the effective interaction is finite, or the Kondo strong-coupling fixed point is prevented. We can also gain intuition on the physical meaning of the composite fermion operator from the sign structure in spin and charge (as a pseudospin) spaces. The spin operator for Anderson orbitals, defined from either the regular fermion operator or the composite operator, are the same:
However, for the pseudospin operators, which are defined as J
(This also implies that in a slave-fermion representation to spins in spin Hamiltonians, it is not known a priori which fermion the slave fermion corresponds to, the regular fermion or the composite fermion. This should be decided by the pseudospin configurations.)
For non-interacting electrons, the ground state of two electrons coupled by a hybridization or a hopping term, such as
(13) at half-filling, which is a combination of a spin-singlet state and a pseudospin-singlet state. We notice that in the Schrieffer-Wolff transformation to map the Andersontype Hamiltonians into Kondo-type Hamiltonians, in addition to the spin Kondo coupling term J K S −1 · S 0 , there is also a charge Kondo coupling term
For repulsive interaction U > 0, the charge Kondo coupling is "ferromagnetic" and favors pseudospin-triplet configuration. The Kondo renormalization in some way can be understood as to "overcome" the mismatch between spin and pseudospin spaces. (Similarly, for attractive interaction U < 0, the roles of spin and pseudospin couplings exchange and the system renormalizes into a strong coupling charge Kondo fixed point.) This term is usually neglected when the zero and double occupancy states have vanishing weight and are projected out in the U → ∞ limit. However, when calculating directly the spectral functions for Anderson orbitals, we need to keep the zero and double occupancy configurations, and therefore, to consider all couplings at finite U . When the Kondo strong-coupling fixed point is prevented, or J K remains finite, we expect that the charge Kondo coupling term, as a marginal irrelevant parameter, affects the single-particle excitations. In terms of antiferromagnetic spin coupling and "ferromagnetic" pseudospin coupling, a ground state with combinations of spin-singlet and pseudospin triplet is favored. On the other hand, asJ
, the pseudospin triplet between f −1 and f 0 becomes a singlet betweenf −1 and f 0 . Therefore, this ground state is rather described by an effective coupling H = σ (f † −1σ f 0σ + h.c), and a resonance form in composite fermion operator follows. This also implies that the effective Hamiltonian in the low-energy region of the RKKY dominated regime is similar to that in the local moment fixed point. For example, we observe the spectral weight of the composite fermion at Fermi energy in the RKKY dominated regime is about the same as its weight at |ω| ≈ 0.3 (cf. Fig. 3 ), which is controlled by the local-moment fixed point.
VI. CONCLUSIONS
In summary, we have studied the single-particle excitation properties of the two-impurity Anderson model, as an example of interacting electron systems with competing local and non-local interactions. We show that in the RKKY dominated regime, where the Kondo strongcoupling fixed point is prevented (or Kondo breakdown), the excitations of regular fermion operators f iσ for Anderson orbitals show a pseudogap form. Correspondingly, the self-energy is singular. As the pole in selfenergies commonly indicates another collective mode the regular fermion operator couples to, we trace down the mode as excitations of a composite fermion operator
niσ . We show that its spectral function develops a "resonance" form in the RKKY dominated regime. In the Kondo resonance regime, where the regular fermion operators develop a Kondo resonance, the spectral function for composite fermion operators has a pseudogap form.
Although the physical meaning of the composite fermion operator is currently not very clear to us, we attempted to provide some discussions on its nature and the resonance-pseudogap "dual" -relationship between the regular fermion operators and the composite fermion operators. In interacting systems, as evidenced by our calculations, the single-particle excitations behave differently when a lattice site is vacant or already single occupied, which can be characterized by the electron operators e † iσ and d † iσ . To provide a full account of the single-particle excitations f † iσ = e † iσ + d † iσ , it is necessary to introduce the composite fermion operator
iσ to account for their difference. We notice that the "bonding" and "anti-bonding" relationship is analogous to the different combination between negative and positive energy modes a mσ ± b mσ of conduction electrons [cf. Eq. (11)]. The latter is associated with different parity combinations of "left-moving" and "right-moving" chiral degrees of freedom. While the resonance form of f iσ captures the fermionic excitations in the Kondo resonance regime with π/2 phase shift, the "resonance" form off iσ instead captures the fermionic excitations in 0 phase shift limit. We show that the effective Hamil-tonian in the RKKY dominated regime, for repulsive interaction, contains not only an anti-ferromagnetic spin Kondo coupling term, but also a "ferromangetic" pseudospin (charge) Kondo coupling term [cf. Eq. (14)]. Such a combination is unfavorable for the regular fermion hybridization (hopping) (f † iσ c iσ + h.c.). However, the pseudospin operator in terms of the composite fermionJ ± iσ has an opposite sign as J ± iσ in terms of regular fermions, i.e., the pseudospin triplet state between f iσ and c iσ is a pseudospin singlet state betweenf iσ and c iσ . An effective hybridization (hopping) (f † iσ c iσ + h.c.) is favored. We find that the emergence of a coherent mode in composite fermions is a manifestation of the "Kondobreakdown" effect, or Mott physics. The composite fermion, as an additional excitation mode, couples to regular fermion excitations and leads to a gapped behavior for the latter. This takes place when the Kondo fixed point is prevented, or the effective interaction U (as the coupling term) remains finite. In the two-impurity Anderson problem, this is due to the intersite spin-exchange coupling, as a "cutoff" on the Kondo renormalization.
9
Compared with the traditional understandings of this problem, the introduction of the composite fermions may bring the following technical and conceptual advantages. The composite fermion is a canonical fermion and by definition, it is a directly calculable quantity, at least in numerics. Coherent modes of composite fermions provide a direct characterization of the "Kondo-breakdown" state. It shows that not all fermionic excitations are gapped and naturally explains the Fermi-liquid behaviors of the spin and charge susceptibilities in the RKKY dominated regime −Imχ(ω) ∼ ω. In addition, the composite fermions may help to address the non-Fermi-liquid behaviors as well as finite Cooper pair fluctuations in the quantum critical regime. In Appendix C, we show that both the regular fermions and composite fermions have finite spectral weights in the quantum critical regime, but their weights are only the half of those in the Kondo resonance regime or the RKKY dominated regime, correspondingly. We also show that the spectral weight for pair excitations (in an intersite spin-singlet configuration) is finite if and only if the spectral weights for both the regular fermions and composite fermions are finite.
Our calculations have established that the composite fermions have coherent excitations in the "Kondobreakdown" state of the two-impurity Anderson model. An important question arises as to whether the concept of composite fermions can be generalized to the Mottinsulating states in lattice systems. We notice that in the Hubbard model or the Anderson lattice model, the interaction effects due to the onsite Coulomb interaction can be fully incorporated in "hybridization" between regular fermions and composite fermions,
−ik·ri = q f k+qσ (δ q,0 −2n qσ ), and n qσ = i e −iq·ri n iσ . If the composite fermion operators f kσ could have coherent excitations, or develop a "Fermi surface" at η k , this corresponds to a Luttinger surface where the self-energies are singular and the Green's function for regular fermions becomes vanishing, or
Indeed, such a Luttinger surface has been identified in cluster DMFT calculations to the Hubbard model. 5, 7 It will be interesting to calculate the spectral functions of the composite fermion operator directly in these calculations to make the connection. We notice that this form of the single-particle Green's function has been proposed as a phenomenological theory for the pseudogap state in cuprate superconductors. 19 We also notice that, in other proposals for the pseudogap state [20] [21] [22] , the basis is to introduce extra or "hidden" electronic excitation modes for interacting electrons.
Although the definition of the composite fermions is theoretically straightforward, it remains a puzzle whether these excitations are physical. Even if there are coherent excitations or a "Fermi surface" of composite fermions, we expect that these excitations are not detectable or "hidden" from conventional spectra measurements. The reason is that the composite fermion operator is orthogonal to regular fermion operators. For example, in the tunneling spectra involving external source of electron c †
niσ . Althoughf iσ has finite excitations, the average vanishes as (−1) niσ = 1 − 2n iσ ≈ 0 for n iσ ≈ 1/2. A similar orthogonality issue is also raised in Ref. 20 . As (−1) niσ acts as a Z 2 Ising spin, the charge carried by f iσ from U (1) gauge transformation must be carried byf iσ as well. As the system is commonly an insulator, it implies that the current carried byf iσ responds to external electromagnetic fields in an anomalous way, resembling the "chiral anomaly". The solution may rely on the understandings of the gauge structure associated with the Z 2 Ising spin (−1) niσ , which captures the matching of Marshall signs [23] [24] [25] in spin and pseudospin configurations. We will leave it to a future study.
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Here, −ImG de (0) changes sign from the Kondo resonance regime (positive) to the RKKY dominated regime (negative). Therefore, −ImG f f (0) or [−ImGff (0)] can be expressed as ( −ImG ee (0) ± −ImG dd (0)) 2 in the Kondo resonance regime and vice versa in the RKKY dominated regime. In the particle-hole asymmetric cases, due to ImG ee (0) = ImG dd (0) (the former has a larger spectral weight when n < 1), −ImG f f (0) and −ImGff (0) are always finite. This motivates us to introduce a transformation g pσ = αe pσ + βd pσ , g pσ = αe pσ − βd pσ ,
which is a SO(2) rotation in (e pσ , d pσ ) space, such that α 2 ImG ee (0) = β 2 ImG dd (0). It follows that g pσ = α+β 2 f pσ + α−β 2f pσ andḡ pσ = α−β 2 f pσ + α+β 2f pσ . The spectral functions of g pσ andḡ pσ are also shown in Fig. 4 . For different values of I with the same ǫ f , we use only one set of parameters (α,β). After the transformation, we observe that the resonance-pseudogap "duality" is established between g pσ andḡ pσ . Besides, their spectral functions are more particle-hole symmetric near the Fermi energy. The results of (α,β) for different values of ǫ f are shown in Fig. 5 . As ǫ f → −1, the particle-hole symmetry case, g andḡ become f andf .
Such a transformation can also explain the divergence of the uniform charge susceptibility. We find that in the new basis, the charge susceptibility n g1 −n g2 ; n g1 −n g2 is divergent, while n g1 + n g2 ; n g1 + n g2 is not at the QCP. As n g1 − n g2 has a finite projection to n 1 + n 2 in the particle-hole asymmetric case, as well as the finite projection to n 1 − n 2 . Therefore, both the uniform and staggered charge susceptibilities are expected to diverge. The similar phenomenon has also been observed in the two-impurity Anderson model with a finite magnetic field, where both the uniform and staggered spin susceptibilities are found to be divergent at a field-tuned quantum critical point. 27 Here, the chemical potential µ, which couples the total particle number, acts as the "magnetic field" in pseudospin space. 
